Abstract. We study the geometric properties of the Julia sets of McMullen maps f λ (z) = z m + λ/z l , where λ ∈ C \ {0} and l, m are both positive integers satisfying 1/l + 1/m < 1. If the free critical points of f λ are escaping, we prove that the Julia set J λ of f λ is quasisymmetrically equivalent to either a standard Cantor set, a standard Cantor circles or a round Sierpiński carpet (which is also standard in some sense). If the free critical points are not escaping, we give a sufficient condition on λ to grantee that J λ is a Sierpiński carpet and prove most of them are quasisymmetrically equivalent to a round one. In particular, there exists non-hyperbolic rational map whose Julia set is quasisymmetrically equivalent to a round carpet.
). Note that each I n is compact and I n ⊇ I n+1 . The standard Cantor set C l,m is the intersection of all I n , where n ≥ 0. In particular, C 3,3 is the standard middle third Cantor set.
The standard Cantor circles A l,m is defined by C l,m × S 1 , where S 1 := {z ∈ C : |z| = 1} is the unit circle. A compact subset of the Riemann sphere C is called a Cantor set of circles (or Cantor circles in short) if there exists a homeomorphism between this compact set and the standard middle third Cantor circles A 3,3 .
Let C = C ∪ {0} be the Riemann sphere. According to [Wh] , a connected and locally connected compact set S in C is called a Sierpiński carpet (or carpet in short) if it has empty interior and can be written as S = C \ i∈N D i , where {D i } i∈N are Jordan regions satisfying ∂D i ∩ ∂D j = ∅ for i = j and the spherical diameter diam(∂D i ) → 0 as i → ∞. The collection of the boundaries of the Jordan regions {∂D i } i∈N are called the peripheral circles of S. All Sierpiński carpet are homeomorphic to each other. A carpet is called round if the peripheral circles are all spherical (or Euclidean) circles.
If it is known that two metric spaces (X, d X ) and (Y, d Y ) are homeomorphic, a basic question in quasiconformal geometry is to determine whether these two spaces are quasisymmetrically equivalent to each other or not. This means that there exist a homeomorphisms f : X → Y and a distortion control function η : [0, ∞) → [0, ∞) such that
for every distinct points x, y, z ∈ X. The first example of quasisymmetrically inequivalent hyperbolic Julia sets were given by Haïssinsky and Pilgrim [HP, Theorem 1] . They proved that there exist quasisymmetrically inequivalent Cantor circles as the Julia sets of rational maps. In this paper, we study the quasisconformal geometry and give a quasisymmetric classification of the Julia sets of McMullen maps
where λ ∈ C * := C \ {0} and l, m ≥ 2 are both positive integers satisfying 1/l + 1/m < 1. The dynamical behaviors and topological properties of the Julia set J λ of f λ have been studied extensively (see [DL, DLU, DR, QWY, QXY] ).
For the topological properties of the Julia set J λ of f λ , Devaney, Look and Uminsky proved an Escape Trichotomy Theorem which asserts that if all the critical points of f λ are attracted by ∞, then J λ is either a Cantor set, a Cantor set of circles or a Sierpiński carpet (see [DLU, Theorem 0.1] or Theorem 2.1). For the geometric properties of J λ , we have following theorem. Theorem 1.1. Suppose that all the critical points of f λ are attracted by ∞. Then one and only one of the following three cases will happen:
(1) J λ is a Cantor set and quasisymmetrically equivalent to the standard middle third Cantor set C 3,3 ;
(2) J λ is a Cantor set of circles and quasisymmetrically equivalent to the standard Cantor circles A l,m ; (3) J λ is connected and quasisymmetrically equivalent to a round Sierpiński carpet.
Except 0 and ∞, the remaining l+m critical points of f λ are called the free critical points. These free critical points have the same orbit essentially (see §2). They are attracted to ∞ or not at the same time. If the free critical points are not attracted to ∞, then J λ is connected (see [DR] ). In this case, two natural questions arise: When J λ is a Sierpiński carpet? Is it quasisymmetrically equivalent to a round one?
The study of the quasisymmetric equivalences between the Sierpiński carpets and round carpets was partially motivated by the Kapovich-Kleiner conjecture in the geometry group theory. This conjecture is equivalent to the following statement: if the boundary of infinity ∂ ∞ G of a Gromov hyperbolic group G is a Sierpiński carpet, then ∂ ∞ G is quasisymmetrically equivalent to a round carpet in C.
If the free critical orbits of f λ are bounded and one of them is attracted by an attracting periodic orbit, then J λ is a Sierpiński carpet if its Fatou components satisfy some 'buried properties (see [DL] ). In order to find more specific λ such that J λ is a Sierpiński carpet, we consider the parameter space of f λ . Define the non-escape locus of this family by
The free critical orbits of f λ are bounded}.
It is known that Λ is connected and contains infinitely many small homeomorphic copies of the Mandelbrot set which correspond to the renormalizable parameters (see [De, St] and Figure 1 ). The Mandelbrot set M is the collection of all the parameters c such that the Julia set of P c (z) = z 2 + c is connected. Let H be a hyperbolic component of M . For each c ∈ H, P c has an attracting periodic orbit with period depending only on H but not on c. We use p(H) to denote this period. There exists a unique parameter r H on the boundary of H such that P r H has a parabolic Fatou component with period p(H). This point r H is called the root of H. In particular, let H ♥ be the hyperbolic component of M with period 1. The Figure 1 . The non-escaping loci of f λ (z) = z n + λ/z n , where n = 3 and 4.
subscript ♥ depicts the shape of H ♥ , which is bounding by a cardioid. The hyperbolic components of M can be divided into two types: satellite and primitive (see definitions in §3). An intuitive difference between this two types of components is: The primitive hyperbolic component is bounding by a cardioid, but the satellite one is not. Since each hyperbolic component H in Λ is contained in some maximal homeomorphic image of the Mandelbrot set (see [St, Theorem 10]), we can also define the corresponding root r H of H and divide the hyperbolic components in Λ into satellite and primitive these two types (see §3).
The question when J λ is a Sierpiński carpet was considered in the case of λ > 0 in [QXY] . Let A(∞) be the attracting basin of ∞ and K λ = C \ A(∞) the filled-in Julia set of f λ . Theorem 1.2 ( [QXY, Xi] ). There exist two positive real numbers λ 0 < λ 1 such that if λ ∈ [λ 0 , λ 1 ], then J λ is locally connected. Further, J λ is a Sierpiński carpet if and only if one of the following holds:
(I) The interior Int(K λ ) = ∅ and λ = λ 0 ; (II) λ ∈ H ∪ r H , where H is a primitive hyperbolic component of a maximal copy of M in Λ such that H is not the image of H ♥ under the maximal homeomorphic map.
The precise definition of the maximal homeomorphic map defined from the Mandelbrot set to Λ will be given in §3. Theorem 1.2 was proved only in the case l = m ≥ 3 in [QXY] . Then Xie generated this result to the general case in her Ph.D. thesis and the prove idea is almost the same (see [Xi] ). In this paper, we will prove following theorem. Theorem 1.3. If λ ∈ [λ 0 , λ 1 ], then J λ is quasisymmetrically equivalent to a round carpet if and only if λ satisfies (I) or (II) but λ = r H . In particular, if λ ∈ (λ 0 , λ 1 ) such one of the free critical points f λ is strictly pre-periodic, then J λ is quasisymmetrically equivalent to a round carpet.
As an immediate corollary, we have Corollary 1.4. There exists non-hyperbolic rational map whose Julia set is quasisymmetrically equivalent to a round carpet.
Actually, from the proof of Theorem 1.3, we know that there exists even infinitely renormalizable rational map whose Julia set is quasisymmetrically equivalent to a round carpet.
We will consider more general cases such that J λ is a Sierpiński carpet. In particular, the parameter λ can vary in the punched complex plane but not only on the positive real line. However, this requires us to set l = m ≥ 3. Theorem 1.5. Suppose that l = m ≥ 3 and the free critical orbits of f λ are bounded. Then J λ is a Sierpiński carpet if (a) The interior Int(K λ ) = ∅ and the closure of the free critical orbits does not intersect with the boundary of the immediate attracting basin of ∞; (b) λ ∈ H ∪ r H , where H is a primitive hyperbolic component of a maximal copy of M in Λ such that H is not the image of H ♥ under the maximal homeomorphic map.
Moreover, J λ is quasisymmetrically equivalent to a round carpet if λ satisfies (a) or (b)
This paper is organized as follows: In section 2, we state some preliminary properties of the McMullen maps and prove Theorem 1.1. In section 3, we give the definitions of renormalization, the classification of the hyperbolic components, the definition of maximal homeomorphic map and then prove Theorems 1.3 and 1.5.
Preliminaries and the Escaping Case
The map f λ has a critical point at the origin with multiplicity l − 1, a critical point at ∞ with multiplicity m − 1, and a simple critical point at ω j = e 2πij/(l+m) (λl/m) 1/(l+m) , where 0 ≤ j < l + m. These critical points ω 0 , · · · , ω l+m−1 are called the free critical points of f λ . By a straightforward calculation, it follows that |f
and n ≥ 0. Hence the fate of the Julia set f λ is determined by any one of the l + m free critical orbits.
2.1. Escape Trichotomy Theorem. Note that f λ has a super-attracting fixed point at ∞ whose preimages are 0 and itself. Let B λ and T λ be the Fatou components of f λ containing ∞ and 0, respectively. Then B λ ∩ T λ = ∅ or B λ = T λ . Devaney, Look and Uminsky gave a topological classification on the Julia sets as in the following theorem.
Theorem 2.1 ( [DLU] ). Suppose that the free critical points of f λ are attracted by ∞. Then one and only one of the following three cases will happen:
for some j and k ≥ 1, then J λ is a Sierpiński carpet. In fact, the parameter space C * of f λ can be divided into four parts Λ Λ ∞ Λ 0 Λ S (see [St, §7] ), where Λ is the non-escaping locus defined in (1.2); Λ ∞ = {λ ∈ C * : J λ is a Cantor set} is a unbounded domain called the Cantor locus; Λ 0 := {λ ∈ C * : J λ is a Cantor set of circles} is a punched neighborhood of 0 called the McMullen domain since McMullen is the first one who considered this case (see [Mc1, §7] ); and Λ S = {λ ∈ C * : J λ is a Sierpiński carpet} \ Λ is called the Sierpiński holes which consists countably many simply connected components. Moreover, every hyperbolic component in Λ is contained in some homeomorphic image of the Mandelbrot set (see [St, Theorem 10] and Figure 1 ).
Quasisymmetric uniformization of Cantor sets. A proposition of David and
Semmes [DS, Proposition 15.11] asserts that if the Julia set of a hyperbolic rational map is homeomorphic to the middle third Cantor set C 3,3 , then this Julia set is quasisymmetrically equivalent to C 3,3 . By Theorem 2.1(1), this means that Theorem 1.1(1) holds.
2.3. Quasisymmetric uniformization of Cantor circles. We will prove Theorem 1.1(2) by using quasiconformal surgery. For any two positive integers l, m ≥ 2 such that 1/l + 1/m < 1, we define an iterated function system (IFS in short) on an annulus such the attractor of this IFS is conformal equivalent to the standard Cantor circles A l,m . Then we extend the inverse of this IFS to a quasiregular map which is defined from C to itself. Finally, after finding out an invariant Beltrami coefficient on C and straightening the corresponding complex structure, we show that there exists a quasiconformal map which conjugates this quasiregular map to the McMullen map f λ for some small λ = 0.
Fix
It is easy to see the attractor of the IFS {g 0 , g 1 } is the image of the standard Cantor set C l,m after post-compositing an affine transformation of the real line. Let A := {re it : r ∈ I and 0 ≤ t < 2π} and A j := {re it : r ∈ I j and 0 ≤ t < 2π} be three annuli, where j = 0, 1. Define
Note that F | A 0 : A 0 → A and F | A 1 : A 1 → A are covering maps with degree l and m respectively. The attractor of the IFS {(
Define F (z) = r l 0 /z l which maps the disk D r 0 := {z : |z| < r 0 } onto the exterior of the unit disk C \ D and define F (z) = z m which maps C \ D onto itself. Next, we want to extend F such that F maps the annulus A r 1 ,r 2 := {z : r 1 < |z| < r 2 } onto the disk D r 0 , where
Recall that a branched covering f : C → C is called quasiregular if it can be written as ψ • R • ϕ, where R is a rational map and ψ, ϕ are both quasiconformal homeomorphisms. Let T r = {z : |z| = r} be the round circle centered at the origin with radius r > 0. For x, y ∈ T r , we use [[x, y] ] ⊂ T r to denote the arc connecting x and y with the smaller length.
Lemma 2.2. Let f 1 (z) = r 0 r l 1 /z l and f 2 (z) = r 0 z m /r m 2 be two covering maps defined on the two circles T r 1 and T r 2 respectively, such that f 1 (T r 1 ) = T r 0 and f 2 (T r 2 ) = T r 0 . Then there exists a continuous extension F :
Proof. In order to state the process of construction more clearly, we only prove the case for l = 2 and m = 3. The other cases can be proved completely similarly. Moreover, we first assume that r 0 = r 2 = 1 and r 1 = is very small since the desired extension in this Lemma can be obtained by doing a radial setting after we finish the construction under the assumptions. Let A be the domain bounding by a regular pentagram in D which is centered at the origin such that D ⊂⊂ A, where x i , 0 ≤ i ≤ 9 are 10 vertices of this pentagram in anticlockwise order and x 0 is one of the outer five vertices with argument 0. For 1 ≤ j ≤ 5, let B j be the regular pentagon containing sides [x 2j−2 , x 2j−1 ] and [x 2j−1 , x 2j ], where x 10 = x 0 . Since is small enough, we can choose A with appropriate size such that A ∪ 5 j=1 B j ⊂⊂ D. For 1 ≤ j ≤ 5, let y 2j−2 , y 2j−1 be other two vertices of B j in anticlockwise order which has not been marked. For 1 ≤ j ≤ 5 and 2j − 2 ≤ k ≤ 2j − 1, let γ k+j = [y k , e 2π(k+j)i/15 ] be the segment connecting y k and e 2π(k+j)i/15 . For 0 ≤ n < 5, let γ 3n = [x 2n , e 2πni/5 ]. This means that we have 15 segments γ s which divide E := D \ (A ∪ 5 j=1 B j ) into 15 topological quadrilaterals E s in anticlockwise order such that γ s and γ s+1 are two boundaries of E s , where 0 ≤ s < 15 and γ 15 := γ 0 . Similarly, let η t = [x t , e 2πti/10 ] be the segment connecting x t and e 2πti/10 , where 0 ≤ t < 10. Then this 10 segments η t divide D := A \ D into 10 topological quadrilaterals D t in anticlockwise order such that η t and η t+1 are two boundaries of D t , where 0 ≤ t < 10 and η 10 := η 0 .
Let B be a regular pentagon in D which is centered at the origin, where z n , 0 ≤ n < 5 are 5 vertices of B in anticlockwise order and the argument of z 0 is 0. Let ζ n = [z n , e 2πni/5 ] be the segment connecting z n and e 2πni/5 , where 0 ≤ n < 5. Then this 5 segments ζ n divide D \ B into 5 topological quadrilaterals G n in anticlockwise order such that ζ n and ζ n+1 are two boundaries of G n , where 0 ≤ n < 5 and ζ 5 = ζ 0 (see Figure 2) . Figure 2 . Sketch illustrating of the construction of a branch covering from a round annulus to a round disk with degree 5, where l = 2 and m = 3. Some redundant notations are omitted in this Figure. We first focus on the extension F : 
1 ) by three affine maps which keep the corresponding vertices. Then F can be quasiconformally extended to the interior of E 0 such that F (E 0 ) = G 0 . Similarly, define the quasiconformal extension
. By the symmetry of the domain, for z ∈ E s , where 3 ≤ s < 15, define F (z) = e 6πi/5 F (e −2πi/5 z). We can use the similar extension method on A \ D such that F (D 0 ) = G 4 and F (D 1 ) = G 3 . For 2 ≤ t < 10 and z ∈ D t , define F (z) = e −4πi/5 F (e −2πi/5 z). For 1 ≤ j ≤ 5, since B j and B are regular pentagons and the restriction of F on the boundaries of B j is affine, there exists a natural conformal extension from B i to B. Up to now, we obtain a branched covering F : D \ D → D, where x 0 , x 2 , x 4 , x 6 and x 8 are the branched points. By the construction, F is quasiregular since F is locally quasiconformal almost everywhere. Moreover, F (e 2πi/5 z) = e 6πi/5 F (z). Let us drop the assumptions that r 0 = r 2 = 1 and r 1 = is very small. For every z = re iθ ∈ A r 1 ,r 2 , where r ∈ [r 1 , r 2 ] and θ ∈ [0, 2π), define
Then F is the desired extension stated in the lemma. The proof is complete.
Corollary 2.3. The extended map F : C → C is quasiregular with degree l+m and satisfies
Proof. Combine Lemma 2.2, this can be verified by the definition of F .
Proposition 2.4. There exists a quasiconformal mapping ϕ : C → C such that ϕ•F •ϕ −1 = f λ , where f λ is the McMullen map whose Julia set is a Cantor set of circles. In particular, Theorem 1.1(2) holds.
Proof. Define the standard complex structure σ(z) = σ 0 on C \ D. By the construction, almost all points in C are iterated into C\D under F . If F
•n (z) ∈ C\D for all n ≥ 0, define σ(z) = σ 0 . Otherwise, there exists a minimal n such that
, which denotes the pull back of the standard complex structure on
Since all orbits pass through the annulus A r 1 ,r 2 at most once, it follows that σ is a F −invariant almost complex structure on C. Let ϕ : (C, σ) → (C, σ 0 ) be the integrating orientation preserving quasiconformal homeomorphism which is normalized by ϕ(0) = 0 and ϕ(z)/z → 1 as z → ∞. So ϕ • F • ϕ −1 is a rational map with degree l + m since F maps ∞ to ∞ with degree m and 0 is the only pole with multiplicity l by the construction of F . This means that ϕ • F • ϕ −1 has the form
where a 1 , · · · , a l+m are the images of the set of zeros of F under ϕ. [He, Theorem 11.14] , an orientation preserving homeomorphism between the Riemann sphere C is quasisymmetric if and only if it is quasiconformal. This means that the Julia set J λ 0 is quasisymmetrically equivalent to the standard Cantor circles A l,m . On the other hand, when λ lies in the McMullen domain of f λ , then J λ is quasisymmetrically equivalent to J λ 0 . The proof is complete.
Quasisymmetric uniformization of Sierpiński carpets.
For any subset X ⊂ C, the spherical diameter of X is defined by diam(X) = sup x,y∈X |x − y|, where | · | denotes the spherical metric. For any subset X, Y ⊂ C, let dist(X, Y ) := inf x∈X,y∈Y |x − y| be the distance between X, Y . Definition 2.5. A Jordan curve γ ⊂ C is called a quasicircle if there exists a constant k ≥ 1 such that for all distinct points x, y ∈ γ,
where I is the component of γ \ {x, y} with smaller spherical diameter.
It is well known that a Jordan curve γ is a quasicirlce if it is the image of the unit circle under a quasiconformal homeomorphism defined from C to itself. If the dilatation of this quasiconformal homeomorphism is bounded by a constant K, then this curve γ is called a K-quasicircle. Moreover, the constants K and k in (2.1) depend only on each other. Definition 2.6. A family of Jordan curves {γ i } i∈N is called consists of uniform quasicircles if γ i is a K-quasicircle for every i ∈ N, where K is a constant independent of i. A family of Jordan curves {γ i } i∈N is called uniformly relatively separated if there exists a constant s > 0 such that the relative distance between γ i and γ j satisfies
whenever i, j ∈ N and i = j.
Theorem 2.7 ([Bo, Corollary 1.2]). If S is a Sierpiński carpet in C whose peripheral circles are uniformly relatively separated and consists of uniform quasicircles, then there exists a quasisymmetric mapping which maps S onto a round carpet.
In order to prove Theorem 1.1(3), we need to show that if the free critical points are escaping and J λ is a Sierpiński carpet, then the collection of the boundaries of the Fatou components of f λ forms a family of uniform quasicircles and they are uniformly relatively separated.
Lemma 2.8. Let U ⊂⊂ D be a Jordan disk. Suppose that ∂U is a K-quasicircle and the modulus mod(D \ U ) ≥ m > 0. Then for any univalent map f : D → C, the curve f (∂U ) is a C(K, m)-quasicircle, where C(K, m) is a constant depending only on K and m.
Proof. By Koebe's distortion theorem, there exists a constant C(m) ≥ 1 depending only on m such that for any different x, y, z, w ∈ U , then
Since ∂U is a K-quasicircle, there exists a constant C(K) > 0 such that for any different points z 1 , z 2 ∈ ∂U ,
where I is one of the component of ∂U \ {z 1 , z 2 } with smaller diameter. Let x, y be two different points on f (∂U ) which divide the quasicircle f (∂U ) into two closed subcurves β and γ. Assume that γ ⊂ f (∂U ) is the subcurve with smaller diameter. Moreover, let z, w ∈ γ such that diam(γ) = |z − w|. By (2.3), we have
Note that f −1 (x) and f −1 (y) divide ∂U into two parts f −1 (β) and f −1 (γ) .
, then by (2.4) and (2.5), we have
, let z , w ∈ β such that diam(β) = |z − w |. By (2.3) and (2.4), we have
( 2.7) Combine (2.6) and (2.7), the Lemma follows. Theorem 2.11. Suppose that the free critical points of f λ are escaping and J λ is a Sierpiński carpet. Let {γ i } i∈N denote the collection of the boundaries of all the Fatou components of f λ . Then there exists a constant K ≥ 1 such every γ i is a K-quasicircle and {γ i } i∈N are uniformly relatively separated.
Proof. By doing a quasiconformal surgery, it can be shown that the boundary of the immediate basin of infinity ∂B λ is quasiconformal homeomorphic to the unit circle, which is the Julia set of z → z m . This means that ∂B λ is a quasicircle if J λ is connected and all the free critical points of f λ are escaping. Hence as a preimage of ∂B λ , every γ i is a quasicircle if J λ is a Sierpiński carpet (Note that all Fatou components are simply connected).
Choose a Jordan curve ζ in C \ B λ which is close enough to ∂B λ such the annulus region A 0 bounding by ζ and ∂B λ contains no free critical orbits. This is possible since all critical points are attracted by ∞. Then the preimage A 1 := f By Theorem 2.1(3), there exists k ≥ 1 such that all the critical points are iterated to T λ under f
•k . This means that the restriction of f λ on A i,l union its bounded complement component is conformal if i ≥ k + 1. Since f is hyperbolic, there exist constants C 1 ≤ C 2 and ρ < 1, such that
There exists a constant m > 0 such that mod(A i,l ) ≥ m for all i ≥ 0 and 1 ≤ l ≤ n i since the restriction of f λ on A i,l union its bounded complement component is conformal for i ≥ k + 1. By Corollary 2.9, it follows that {γ i } i∈N are uniform quasicircles.
Let A i,l 1 and A j,l 2 be any two different annulus obtained by taking preimages of A 0 . Without loss of generality, suppose that i ≥ j. If i − j ≤ N , then A i,l 1 ∩ A j,l 2 = ∅. Let β i,l 1 and β j,l 2 be the core curve in A i,l 1 and A j,l 2 , respectively. By Lemma 2.10, there exists a constant C( m) > 0 such that
If i − j > N , from the defintion of N , it follows that diam(γ i,l 1 ) < diam(γ j,l 2 ). Note that A i,l 1 and A j,l 2 may have non-empty joint. However, we have A i,l 1 ∩ γ j,l 2 = ∅. By Lemma 2.10, we have
This means that {γ i } i∈N are uniformly relatively separated. The proof is complete.
Proof of Theorem 1.1. 
The Non-Escaping Case
Let M be the Mandelbrot set. The quadratic polynomial P c (z) = z 2 + c, c ∈ M is called hyperbolic if and only if it has a bounded attracting periodic orbit. For any given hyperbolic component H of M and its root point r H , P r H has a unique parabolic periodic orbit with period m. It is known that p(H) = vm for some integer v ≥ 1 (see [Mi, Lemma 6.3 3.1. Renormalization theory. Let us recall some results about the renormalization theory, which can be found in [DH, Mc2] . Suppose that U, V are two simply connected domain in C satisfying U ⊂ V . The triple (g, U, V ) is called a polynomial-like map if g : U → V is holomorphic and proper. The filled-in Julia set of (g, U, V ) is defined as K(g) := n≥0 g −n (U ) on which all the iteration of g make sense. The quadratic map P c is called renormlizable if there exist n ≥ 2 and U, V containing 0 but not containing the Julia set J Pc , such that (P •n c , U, V ) is a polynomial-like map, where n is the period of renormalization.
Let
, where j = 0, 1, · · · , n − 1 and K n = K 0 . Every K j is called a small Julia set after renormalization and they are subsets of the Julia set J Pc of P c . The interior of K i and K j are disjoint if i = j, where 0 ≤ i, j < n. The landing point of the external ray with angle zero on J Pc is a repelling or parabolic fixed point, which is called the β-fixed point of P c . It is known the β-fixed point is disjoint with the small Julia sets [Mc2, Theorem 7.10] . If K i ∩ K j = ∅ for 0 ≤ i, j < n, then the renormalization is called disjoint type.
The following result is a well known folk theorem, which can be derived out from [Mi, Theorem 2.4, Lemma 2.7 and §6] . Recall that H ♥ is the hyperbolic component of M with period 1.
Theorem 3.1. Let H be a hyperbolic component of M but H = H ♥ .
(1) For any c ∈ H, then P c is renormlizable with period p(H); (2) The renormalization is of disjoint type if and only if H is primitive; (3) The closure of the bounded Fatou components of P c are disjoint to each other if and only if H is primitive, where c ∈ H ∪ {r H } and r H is the root of H.
Maximal homeomorphic map.
Recall that Λ defined as in (1.2) is the non-escaping locus of f λ . It follows from [St, §7] For λ ∈ C * , define the "filled-in" Julia set of f λ by
there maybe exist Fatou components in K λ whose forward orbits are disjoint with B λ . As a corollary of Theorem 3.1, the following Lemma is benefited from the Mandelbrot-like theory studied in [DH] . Figure 3) .
be the closure of the free postcritical set of f λ . From the discussion of last paragraph, we know that P (f λ ) is disjoint from f −1 (T λ ) since the closure of the forward orbit of the critical point ω 0 is contained in the positive real axis. By the symmetry of f λ , this means that for each component U of f −1 (T λ ), there exists a simply connected open neighborhood V of U such that P (f λ ) ∩ V = ∅.
If Int(K λ ) = ∅, except B λ , all the Fatou components are iterated onto T λ eventually. By a completely similar argument as in the proof of Theorem 2.11, it can be shown that the peripheral circles of J λ are uniform quasicircles and uniformly relatively separated since the boundary ∂B λ is a quasicircle (see [QXY, Lemma 3.8] or [Xi, Lemma 4.14] ). This means that if Int(K λ ) = ∅ and λ = λ 0 , then J λ is quasisymmetrically equivalent to a round carpet.
If λ ∈ H such that J λ is a Sierpiński carpet, then f λ is hyperbolic. A completely similar argument as Theorem 2.11 can be shown that J λ is quasisymmetrically equivalent to a round carpet. This completes the proof. Figure 3 . The Julia sets of f λ (z) = z 3 + λ/z 3 with λ 1 ≈ 0.02749275 and λ 2 ≈ 0.02583244 (from left to right). The parameters λ 1 and λ 2 are chosen such that all the free critical points of f λ are superattracting and pre-periodic respectively. Both Julia sets are Sierpiński carpets and they are quasisymmetrically equivalent to some round carpets.
Proof of Theorem 1.3 and Corollary 1.4. These are immediate corollaries of Theorem 3.4 (see Figure 3) .
In the following, we always assume that n := l = m such that the degree of f λ is 2n, where n ≥ 3 is a fixed integer. The following theorem is a weaker version of Theorem 1.3 in [QWY] .
Theorem 3.5 ( [QWY] ). Suppose that the Julia set J λ is connected and the critical orbit of f λ does not accumulate on the boundary ∂B λ , then J λ is locally connected.
Let P and Q denote the collections of the Fatou components contained in C \ K λ and K λ respectively. Lemma 3.6. Let U ∈ Q be a Fatou component contained in K λ . If λ ∈ H ∪ r H , where H is a primitive hyperbolic component in Λ such that H is not the image of H ♥ under the maximal homeomorphic map, then U ∩ B λ = ∅.
Proof. Suppose that U ∩ B λ = ∅. Up to iterate many times, we can assume that U is invariant under f λ . Firstly, we claim that U ∩ B λ = {z 0 } is a fixed point of f λ . Since ∂B λ is a Jordan curve [QWY, Theorem 1.1] , there exists a homeomorphism γ : S 1 → ∂B λ such that f λ (γ(e it )) = γ(e int ). If (U ∩ B λ ) ≥ 2, then there exist t 1 < t 2 such that γ(e it 1 ), γ(e it 2 ) ∈ U ∩ B λ and U ∩ B λ ⊂ γ([e it 1 , e it 2 ]), where 0 ≤ t 2 − t 1 ≤ 2π/n by the symmetry of the Fatou components of f λ . Since U is invariant, then f λ (γ([e it 1 , e it 2 ])) = γ([e it 1 , e it 2 ]). However, for any subarc I ⊂ B λ , there exists k ≥ 0 such that f
•k λ (I) = ∂B λ since ∂B λ is a Jordan curve and f λ is conjugated to z → z n on ∂B λ . This is a contradiction and the claim holds.
From [St, §6] , there exists a maximal copy M of the Mandelbrot set in the non-escaping locus Λ, such that λ ∈ H ⊂ M, where H is a hyperbolic component in Λ. Let Φ : M → M be the maximal homeomorphic map as before. Then {z 0 } = U ∩ B λ is the quasiconformal image of the β-fixed point of P Φ −1 (λ) . Since the β-fixed point is disjoint with the small Julia sets, this contradicts to H = Φ(H ♥ ). The proof is complete.
Proof of Theorem 1.5. We first prove that if λ satisfies (a) or (b), then J λ is a Sierpiński carpet. If Int(K λ ) = ∅, then Q λ = ∅. By Theorem 3.5, we only need to prove that V 1 ∩ V 2 = ∅ for any different V 1 , V 2 ∈ P. We first show B λ ∩ T λ = ∅. If not, one can derive out that z 0 ∈ ∂B λ ∩ ∂T λ is a critical point of f λ as the proof of [DLU, Propostion 4.3] , which contradicts to the assumption in (a). Suppose that V i is one of the components of f −k i λ (B λ ) respectively, where i = 1, 2 and 0 ≤ k 1 ≤ k 2 . We divide the argument into two cases. First, if k 1 = k 2 and V 1 = V 2 , then V 1 ∩ V 2 = ∅. Otherwise, there exists some critical point in the forward orbit of ∂V 1 ∩ ∂V 2 , which contradicts the assumption in (a). If k 1 < k 2 , then B λ = f
•k 2 −1 λ (V 1 ) and T λ = f
•k 2 −1 λ (V 2 ). This means that V 1 ∩ V 2 = ∅ since B λ ∩ T λ = ∅. Therefore, J λ is a Sierpiński curve if Int(K λ ) = ∅ and the closure of the free critical orbits does not intersect with ∂B λ .
If λ ∈ H ∪ r H , where H is a primitive hyperbolic component of a copy of M in Λ such that H is not the image of H ♥ under the maximal homeomorphic map. By Lemma 3.3, it follows that the closure of the Fatou components in Q are disjoint to each other. Moreover, a similar argument as in the previous paragraph shows that the closure of the Fatou components in P are disjoint to each other. We only need prove that the closure of Fatou components in P and Q are disjoint to each other.
Let U ∈ Q be a Fatou component which lies in K λ . By Lemma 3.6, it follows that U ∩ V = ∅ for every V ∈ P since U ∩ B λ = ∅. This means all the closure of all the Fatou components of f λ are disjoint to each other. Therefore, J λ is a Sierpiński curve in this case.
If λ lies in a hyperbolic component of Λ, then J λ is connected and the critical orbits of f λ cannot intersect with the boundary ∂B λ since the free critical orbits lie in some attracting periodic Fatou components. By applying a similar argument as in Theorem 2.11, it can be shown that the peripheral circles of J λ are uniform quasicircles and they are uniformly relatively separated since the boundary ∂B λ is a quasicircle (see [QWY, Theorem 1.2] ). If r H is a root point of a primitive hyperbolic component, then the Fatou set of f r H contains a simply connected parabolic component with a cusp, which cannot be a quasicircle. So J r H cannot quasisymmetrically equivalent to a round carpet. The proof is complete.
